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Linear Double Universal Grassmann Manifold
Method for the Stationary Axisymmetric Vacuum
Gravitational Field Equations

Ya-Jun Gao' and Zai-Zhe Zhong?

Received December 1, 1994

Nagatomo’s universal Grassmann manifold scheme is extended to a double form,
which is used to find the exact solutions of the stationary axisymmetric vacuum
gravitational field equations. Some new results are given.

1. INTRODUCTION

The stationary axisymmetric vacuum gravitational field (SAVGF) equa-
tions have been reduced to the Ernst equation (Ernst, 1968) and studied
extensively. In order to obtain exact solutions of the SAVGF equations,
various methods have been used, such as Backlund transformations (Harrison,
1978; Neugebauer, 1979) and inverse scattering methods (Belinskii and Zak-
harov, 1979; Hauser and Ernst, 1981). Several years ago, Zhong (1985)
established a double complex function method and used it to study the SAVGF
equations; some further new results were given by Zhong (1988) and Gao
and Zhong (1992). Nagatomo (1989) pointed out that the SAVGF equations
can be linearized by the use of universal Grassmann manifold (UGM) tech-
niques. As a result, some classes of exact solutions of SAVGF equations with
given initial data: can be obtained. However, in the scheme of Nagatomo
(1989), only ordinary complex numbers are used, and therefore, according
to the theory given by Zhong (1985, 1988), the double duality symmetries
must be lost. In this paper, we extend Nagatomo’s UGM technique (Nagatomo,
1989) to a double form. We find that at least half of the exact solutions obtained
by using our scheme cannot be obtained by using the original technique.
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In Section 2, we briefly write out some relevant notations and results of
the double complex function method (Zhong, 1985). In Section 3, Nagatomo’s
UGM technique is extended to a double form and some new results are
given. Several concrete applications of the double UGM method are given
in Section 4.

2. SOME NOTATIONS AND RESULTS OF THE DOUBLE
COMPLEX FUNCTION METHOD

Let J denote the double imaginary unit, i.e., J =i (2 = —1)orJ = €
(€2 = +1, € # *1). If the real series X a, is absolutely convergent, then
a(J) = 27_o a,J*" is called a double real number. If a(J) and b(J) both are
double real numbers, then Z(J) = a(J) + J-b(J) is called a double complex
number and denoted by Z. = Z(J = i), Zy = Z(J = €).

The line element of the SAVGF can be written as

ds* = f7[e*(dp? + d7®) + p*dd?] — f(dt + w db)? Q.0

where f, w, and <y are real functions of p and z only, and v is determined by
fand . According to Zhong (1985), Einstein’s field equations can be reduced
to the following double complex Emst equation:

Re(€(J)) V*€(J) = VE(J)-VEWJ) 2.2)

where €(J) = F(J) + J-Q(J) is a double complex Emst potential, while
F(J) = F(p, z; J) and QM(J) = Q(p, z; J) are double real functions of p and
z. If €(J) is a double solution of equation (2.2), then a pair of dual solutions
(f, w) and (f, ®) of the SAVGF equations can be obtained as

f= FC, w = VFc(QC)
F=TFy., &=04 (2.3)
where the NK transformations (7, V) are defined by
T: F->T(F)=plF

Vi F Q- VHQ) = J% 0,0 dp — 9,0 d2) 2.4)
Let M(J) be a 2 X 2 double real function matrix,

_ 1 (1 Qu)
M = 5 (n(f) 92(1)—12F2<J)> @)

Then equation (2.2) can be written as the double BZ equations (Belinskii
and Zakharov, 1979; Zhong, 1988):
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dplpd, M(J)- M ~(J)] + 8.[pd, M(J)-M~'(J)] = 0 (2.6a)
det M(J) = —J%,  MT(J) = M(J) (2.6b)

where superscript T denotes the transposition. Conversely, if M(J) is a solution
of equation (2.6), then

€(J) = UIMWDIn + J-IMD]1/ M) 2.7

satisfies equation (2.2).

3. DOUBLE UGM METHOD FOR SOLVING SAVGF EQUATIONS

In this section, we extend the UGM method given by Nagatomo (1989)
to a double form and study its effects. For double results that can be proved
by using methods similar to those of Nagatomo (1989), we shall directly
write them out.

Let G[J] be the set of all 2 X 2 matrices with elements in DR (double
real numbers), let €[z; J] and 6(p, z; J] denote, respectively, the sets of all
formal power series in z and (p, z) both with coefficients in €{J], and let
®[z; JT* denote the set of invertible elements in 6[z; J].

Theorem 1. The initial value problem
3,[pd, M(J)-M~'(J) + 3 fpa. MUJ)-M~\()] =0, M{J) e €lp,z;J] (3.1a)
M(p, 2, J)|p=0 = M(z; J), M(z;J) € 8b[z; J]* (3.1b)

has a unique double solution. If an initial datum M(z; J) satisfies the supple-
mentary conditions

det M(z; J) = —J?, MWz J) = M(z; J) 3.2)

then the unique solution of equations (3.1) also satisfies the condition
(2.6b). =

Theorem 2. If M(p, z; J) is a double solution of equations (3.1), then
we have

M(—p,z;J)=M@p, z; J) 3.3)
i.e., M(p, z; J) is an even function of p.

Proof. If M(p, z; J) is a solution of equation (3.1a), so is M(—p, x; J).
Furthermore, because both M(p, z; J) and M(—p, z; J) have the same initial
datum at p = 0, then by Theorem 1, we have (3.3). =
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Equation (3.1a) is the integrability condition of the following double
linear system (Belinskii and Zakharov, 1979; Zhong, 1988; Nagatomo, 1989):

DY (\; J) = QUYF(N; J)

DY\, J) = PUYY(N\; ) 3.4
where
D, =8, + \pd,, D, =3, — \pd, + 2\%3,
o) = 9,M(J)-M~'(J), PJ) = 9,M(J)-M~'(J) 3.5

and ¥(\; J) = ¥(p, z, \; J), called a double wave function, is a 2 X 2
double ordinary complex matrix function of p, z, and the spectral parameter
A. In this paper we deal with double wave functions that are analytic at
(r N = (0, 0; »).

Theorem 3. Let M(p, z; J) be a solution of equation (2.6). Then there
exists a unique double wave function

Vp,z, ) =15 + 21 Yi(p, 2 DAY, i(p, 3 ) € Blp, 7 J]
£
such that

DY(\; J) = QUYY(N; ), DY (\; J) = PUYP(N\; J)

W(p, 2, \; J)|r=w = I (2 X 2 unit matrix) 3.6)
M

Furthermore, we have the following result.

Theorem 4. Equations (3.6) are equivalent to the following initial
value problem:

DY (N J) = QUYY(N; J)

Jj=

-1
W(p, 2, \; J)|p=0 = M(z; J)- [M(z + % ; J)] 3.7

In terms of the double function set {{s;(p, z; J)}, equations-(3.7) can be
written as

po Y (J) = —ol1(J) + QU I;-1(J)
Ui(py 22 ) | p=0 = Yj(z5 J) (3.8)
where the {;(z; J) are determined by
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7. 1
M(z; ) [M(z + Y, J)]

Upon taking j = 1 in equations (3.8) and noting that U(J) = I, we have
QW) = pdn(p, 7 J) (3.10)

The relation between the double wave function W(p, z, \; J) and the solutions
of equations (3.1) is given by the following result.

l =}
= 20 ¥(z; JIN (3.9
=

Theorem 5. The unique double solution M(p, z; J) of the initial value
problem

WMp, ;7)) = Qp, 5 NDM(p, 1), M(p, 2 J)|p=0 = M(z; J)
(3.11)

satisfies equations (3.1) [or equations (2.6) if a suitable initial datum is taken],
where Q(J) is given by equation (3.10).

From Theorem 5, the problem of generating solutions of equations (2.6)
is reduced to that of finding \;(p, z; J) € “€[p, z; J] which obey equations
(3.8). Equations (3.8) can be linearized by the use of the following so-called
double UGM method. Similar to Nagatomo (1989), we introduce an ® X o
double matrix function £(J) = (§;(J))icz,j<0. &;(J) € €6[p, z; J] obeying

AE(J) = EU)CU), &) = 9,1, for ,j<0 (3.12)

where
A=Guihijez ad  CU)= ((8&01,1(21));; L.j<o)
Then we have a bijection between W(p, z, \; J) and &(p, z; J) characterized by
&;i(J) = —V¥_;()) for j<O (3.13)
or more explicitly
&) = (W (iez,j<o” Wi; ()i j<0 (3.14)

where we set Y;(J) = Y¥(J) = 0 for j < O and the Y;*(J) denote the
coefficients of ¥~'(p, z, \; J) forj = 0, ie.,

Y 1p,z, N} J) = 2:,) YF (N
F-

By using the matrix £(J), we can write equations (3.8) as
pLir1 () + 3,6;(J) — & - 1(N)pdgy(J) =0 (3.15)
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fori € Z,j < 0. A linearization of this equation is given by the following
result.

Theorem 6. Let £9(z; J) be an ® X o matrix satisfying equations (3.12)
and §§,‘j’.) (z;J) = —Y_;(z; J), j < 0. Define the © X o matrices

&p 2 J) = exp(—% PzAaz)Ew’(z; J)

w k
=2 (—% pzAaz) £0(z; TYK!

g( )(P, Z J) (El/ (P’ Z; j))l Lj<0 (316)

Then the inverse £'(J) and the product &)- £ )(J ) both can be defined as
o X oo matrices, and the double matrix £(J) = £(J)- E( L(J) satisfies equations
(3.15) and (3.12).

By using the above theorems, we can construct some exact solutions of
the SAVGF equations. Noting that the formulas in this paper all are double,
from each solution M(p, z; J) of equations (3.1) we can obtain a pair of dual
SAVGF solutions (f, w) and (f ®) by equations (2.7) and (2.3). Let S and
§ denote the sets consisting of the solutions {(f, ®)} and {(f, ®)}, respectively;
then we have the following result.

Theorem 7. S N § = & (empty set).

Proof. According to Theorem 2, M(p, z; J) is an even function of p,
and from equations (2.7) and (2.3), f = 1M (J = D), f pM |, (J = €); thus
fis an even and f is an odd function of p, and we have (f1n{f =g,
which means that equation (3.17) holds. =

Remark. Theorem 7 is proved for the case of formal series solutions;
however, in the general case, it does not necessarily hold.

The set S mentioned above is evidently the set of all solutions that can
be obtained by Nagatomo’s UGM method (Nagatomo, 1989). In this sense,
Theorem 6 shows that the solutions in set $ are indeed new. Furthermore,
since there is a bijection between the formal power series solutions M(p, z;
J) and the initial data M(z; J) and the latter must satisfy the conditions (3.2),
for each solution (f, w) & S there exists a dual solution (f, ®) € S. On the
other hand, there may be no dual solutions for some solutions in § (see the
next section). Thus we can conclude that by using the above double UGM
method, we can obtain solutions which at least double in number those that
can be obtained by using the original scheme.
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4. APPLICATIONS

From the above discussions, once an initial datum M(z; J) which satisfies
the conditions (3.2) is given, then £9(z; J) is obtained by

g(o)(z; J) = (ll’;*—j(Z; INiez.j<o (Wi-;(z; J))i.j<0 4.1

where {5;(z; J) is determined by equation (3.9). Then Theorem 6 is used and
the corresponding double solution M(p, z; J) of equation (2.6) is obtained
by solving the following initial value problem:

M) = —pdgo— (/) M),  MU)|p=0 = Mz J) (4.2)

If M(z; J) is a finite-degree polynomial of z, then the calculations involve
essentially only finite-dimensional matrices. In the following, we give some
concrete examples:

which satisfies condition (3.2), then from equation (4.1) and Theorem 6
we find

] 12 0
azgo,—l(pv Z j) - (12 + p2/4) ( z 1/2) (44)

and the corresponding double solution of equation (4.2) is
Mip, ) = ———— (! ¢ (4.5)
W oD T r rpuay\e 22— T+ I piay ‘

By equation (2.7) we obtain a double complex Ernst potential

2
() = (1 +J2 %) + Jz (4.6)
and equations (2.3) give two SAVGF solutions
(i, @) = (1 — p¥4, 2/(1 — p?/4)) (4.72)
(i, &) = (p/(1 + p¥4), 2) (4.7b)

By using the results of Nakamura (1983) and Zhong (1985), we can take the
following transformation of the double complex Emst potential:

B(J) = BWJ) =€ () (4.8)
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Then we obtain another Ernst potential

1+ J? p¥4 z

SN = T ey — 2 U 7 g - 2

4.9)

and from equations (2.3) another pair of SAVGF solutions are given as

;o[ 1=p4 Pl - pM—2)
(.fl, (.l)[) <(l _ p2/4)2 + ZZ, 2(1 _ p2/4) (4103.)
2 oy - [PI(L+ pP4)? — 2 ~z

&) ( [+ o4 U+ pap-gz (G

Of the four solutions (4.7a), (4.7b) and (4.10a), (4.10b), the solution (4.10a)
was given by Nagatomo (1989), while the others are new.

Example 2. Let the initial datum be

222+ (1 —JPHz + 1 272
Mz J) = ( ( 222 222 - (1 —JHz—J? (4.11)

Similar to Example 1, we obtain a double solution of equation (2.6) as

1
Ml s ) = 0=

%(1 It =+ 22+ (L -z + 1 i(ﬂ— p* — p? + 272
i(ﬂ— Dp* — p? + 27 %(1 -t —p?+ 22— (1 = Iz — J?

4.12)
From equation (2.7), the associated double complex Emst potential is
(1 — = JHp2] + J-GU? — Dp* — p* + 277]

<€ =
4J) -t —p?+ 22+ (1 =Tz + |

(4.13)

Thus equations (2.3) give a pair of SAVGF solutions:

— nl 2 _ 2
(fz,wz)=<(pz_2(l ) 1[pz+p_@§_l>]>. 4.14)

1?2+ 2z+ 1)*°2 1 — p?
N 2 2 . A2

Furthermore, under the transformation as in equation (4.8), €,(J) is changed
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into €,(J) = %5;'(J), from which we obtain another pair of SAVGF solu-
tions as

y o 21 — p?) 1|z + 1)
(202 = ((p2 D2+ 2z - 172 [ s "2]) @15

" 222 _ p2
rAY 2 _ + —_—
2, @2 (p(P 2z + ), 722 1 (4.15b)
The solution (4.15a) was given by Nagatomo (1989), while (4.14a), (4.14b),
and (4.15b) are new solutions.
We can also write out some other initial datum M(z; J). For example,
we take, more generally,

. 7y — 1 8z J)
o[ 2R+ (A =IO T) + 1 2h%(z; J)
Mz J) = ( W5 ) W) — (1= I ) —12> @17

etc., where g(z; J) and h(z; J) are arbitrary double real polynomials of z.
The matrices (4.16) and (4.17) both satisfy the condition (3.2). Once a concrete
g(z; J) or h(z; J) is taken, we can obtain four SAVGF solutions. The initial
data (4.3) and (4.11) are, respectively, special cases of (4.16) and (4.17) if
we take g(z; J) = h(z; Jy = z.

Example 3. We take another class of M(z; J) as
_(u@ 1

where u(z) is an arbitrary real polynomial of z. Noting that M;(z) satisfies
the condition (3.2) only when J = ¢, from Theorem 1 the solutions correspond-
ing to the initial data in the form (4.18) satisfy (2.6) only when J = € also.
Since [Ms(2)],; = 0, the initial datum (4.18) has no double dual (corresponds
to J = i) matrix. If we choose u(z) = z, then, following procedures similar
to Examples 1 and 2, we find

1
Ms(p, 2) = (f 0) (4.19)
This yields an SAVGF solution

(s, @) = <pz, %) 4.20)
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If we take u(z) = z%, then we obtain
_ 1,2
Myp = (% 2 4.21)
1 0
The corresponding SAVGF solution is

a 1 1
L a9 = (p(22 — = p2) 55— 422
(fs, @s (P(Z 2P> 22—%p2> (4.22)

etc. However, the solutions (4.19) and (4.21) in fact belong to the class of
solutions given by van Stockum (1937).
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